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Abstract. Let E/Q be an elliptic curve denned over Q with conductor N and < 
the absolute Galois group of an algebraic closure Q of Q. We prove that for every 
a e Gal(Q/Q), the Mordell-Weil group E(ffi) of E over the fixed subfield of Q under 
tr has infinite rank. Our approach uses the modularity of E/Q and a collection of 
algebraic points on E - the so-called Heegner points - arising from the theory of complex 
multiplication. In particular, we show that for some integer r, the rank of E over all 
the ring class fields of conductor of the form rm, and of the form rp n is unbounded, as 
to goes to infinity, as m and as n goes to infinity respectively, where to is a square-free 
integer and p is a prime such that (to, rN) — 1 and (p, rN) = 1. 



This paper is motivated by the following conjecture of M. Larsen |6J: 

Conjecture. Let K be a number field and E/K an elliptic curve over K. Then, for 
every o G Gal(K / K), the Mordell-Weil group E(K ) of E over K = {x G K \ a(x) = x} 
has infinite rank. 

In we have proved this conjecture in certain cases: 
for a number field K and an elliptic curve E/K over K, 

• if 2-torsion points of E/K are X-rational, or 

• if E/K has a i^-rational point P such that 2P ^ O and 3P 7^ O, 

then for every automorphism a G Gal(K/K), the rank of the Mordell-Weil group 
E(K a ) is infinite. 

In this paper, we prove that the conjecture is true for elliptic curves over Q without 
any hypothesis on rational points of E/Q, i.e. if E/Q is an elliptic curve over Q, then, 
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for every automorphism a G Gal(Q/Q), the Mordell-Weil group E(Q ) over the fixed 
subfield of Q under a has infinite rank. 

To prove the conjecture for a given E/K, ultimately one must find an infinite supply 
of rational points of E over finite extensions of K contained in K . In |3. , we constructed 
such points using Diophantine geometry, essentially by searching for sufficiently rational 
subvarieties of certain quotients of the n-fold product E n of E. 

Here we use a completely different approach, coming from arithmetic: taking advantage 
of the modularity of elliptic curves over Q, we choose our rational points on E to be 
algebraic points over ring class fields - the so-called Heegner points. The main strategy is 
as follows: by using the norm compatibility properties of Heegner points and a generalized 
dihedral group structure of the Galois groups of ring class fields over Q, we show that 
the rank of E over the ring class fields is unbounded as the ring class fields get larger. 
And we also show that a given automorphism a G Gal(Q/Q) does not fix a quadratic 
imaginary extension of Q over which all primes dividing the conductor of E are split, then 
the rank of E over the fixed subfields of the ring class fields under a is unbounded as the 
ring class fields get larger, which proves that the rank of E over Q a is infinite. On the 
other hand, if a G Gal(Q/Q) fixes infinitely many quadratic imaginary extensions, then 
we can construct infinitely many linearly independent points defined over each of them 
by applying the Hilbert irreducibility theorem to a Weierstrass equation of E/Q directly 
and this also proves infinite rank of E over Q a . 
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1. THE MAIN THEOREM 

In this section, we introduce the main theorem. First, we will need the following Hilbert 
irreducibility and the denseness of Hilbert sets in any open intervals of 1R. 



HEEGNER POINTS AND MORD ELL- WEIL GROUPS OVER LARGE FIELDS 3 

Let / G K(ti, . . . , t m ) [Xx, . . . , X n ] be a polynomial with coefficients in the quotient field 
K(ti, . . . , t m ) of K[ti, . . . , t m \ which is irreducible over K(ti, . . . , t m ). We define 

HkU) = {(°i> • • • 3 a m) e I /( a i> • • • , a m , Xi, . . . , X„) is irreducible over X} 

to be the Hilbert set of / over K. If for every m > 1, any intersections of a finite number 
of Hilbert sets with a finite number of nonempty Zariski open subsets in K m are not 
empty (in fact, they are infinite), a field K is called a Hilbertian field. 

Lemma 1.1. Let L be a finite separable extension of a Hilbertian field K and let f 
be a polynomial in L(ti, . . . ,t m )[Xi, . . . ,X n ] which is irreducible over the quotient field 
L(t±, . . . , t m )- Then, there exists a polynomial p G K\pi, . . . , t m , X\, . . . , X n ] such that p is 
irreducible over K(ti, . . . , t m ) and Hk(p) Q Hh(f)- 

Proof. For a given irreducible polynomial / G L(ti, . . . ,t m )[Xx, . . . ,X n ], by (jl], Ch.ll, 
Lemma 11.6), there is an irreducible polynomial q G K(t\, . . . , t m )[Xi, . . . , X n ] such that 
Hk(q) Q Hh{f)- By Ch.ll, Lemma 11.1), there is an irreducible polynomial 
p G K[ti, . . . , t m , Xi, . . . , X n ] which is irreducible over K(ti, . . . , t m ) such that H K {p) C 
Hx{q)- Hence the Hilbert set Hi(f) of / over L contains the Hilbert set Hx{p) of p over 
K. □ 

Lemma 1.2. Let K be a number field and r 1; . . . , r m be a family of real embeddings of K . 
For i = 1, 2, . . . , k, let fi(x, y) G K[x, y] be irreducible polynomials over K(x). Let Hx(fi) 
= {a G K | fi(a,y) G K[y] is irreducible over K} be the Hilbert set of fi over K. Then 

k \ / m \ 



v»=i / \i=i 



for any open interval I in 



Proof. Since K is a finite separable extension of Q, by Lemma fl. 11 there exist irreducible 
polynomials Fi(x, y) G Q[x, y] such that for each i — 1, 2, . . . , k, the Hilbert set Hq^Fi) of 
over Q is contained in the Hilbert set Hx{fi) of fi over K. 

k 

Let I be an open interval in IR. Since f] Hq(Fi) is dense in Q by (0, Chapter 9, 

i=\ 

Corollary 2.5), and Q is dense in IR, ff] i?Q(Fj)J Pi / is not empty. Hence there is 
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13 G ( n fl-Q(Fi) J n 7. Since f] #q(^) £ (1 H K (fi), we have /3 e f] H K (fi). On 

\i=l / i=l i=l i=l 

the other hand, for each real embedding Tj of K, we have tj\q = idq. Hence for all 

m / k \ 

j = 1,2, . . . ,m, r,-(/3) =/?€/. Hence /? G fl ^(I). Therefore, /3 6 f| #Jf(/i) H 

i=i \i=i / 




□ 

Here is our main theorem. 

Theorem 1.3. Let E/Q be an elliptic curve over Q. Then, for every automorphism 
o G Gal(Q/Q), the rank of E(Q a ) is infinite. 

Proof. Let N be the conductor of E and let y 2 = x 3 + ax + b be a Weierstrass equation 
of E/Q. By the change of variables, we may assume that a and b are integers. Let 
M = 4pip 2 ■ ■ ■ Pk, where pk are all distinct prime factors of N. Consider the polynomial 

f(x) = (1 + Mxf + oM 4 (l + Mx) + 6M 6 e Z[x]. 

Then, there exists a real number r such that for all x < r, the expression /(r) is strictly 
negative. Let / = (— oo, r) be the open interval in R of all real numbers less than r. Since 
Q is Hilbertian, by Lemma ll.2t there exists an integer mi G I such that y 2 — /(mi) is 



irreducible over Q. Let K mi = Q(y/(mi)) be the quadratic imaginary extension of Q. 
By Lemma ITTT| there is a polynomial p over Q such that Hq(p) C Hk (y 2 — f{x)). Then, 
by Lemma H~2l again, there exists an integer m 2 G I H Hq(p). So J\"„ t2 = Q(\Z/(m 2 )) is a 
quadratic imaginary extension of Q and K mi and K m2 are distinct, hence linearly disjoint 
over Q. By repeating this procedure over the composite field of quadratic imaginary 
extensions obtained from the previous steps inductively, there is an infinite set S of 
integers such that for all m G S 



(1) f(m) < 0, so that K m := Q(y/( m )) is a quadratic imaginary extension of ( [ 

(2) the fields in the infinite sequence {K m } m& s are linearly disjoint over Q and 

(3) if E/Q has CM, then, K m is different from F = End(E) ® Q. 

Note that for each m G S and for every prime pi dividing N, 



/(m) 



1 (mod p^, if pi ^ 2, 
1 (mod 8), if pi = 2. 



Hence the point 
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Hence, this implies that all primes dividing N are split in K m . On the other hand, the 

discriminant of K m is f(m) or 4/(m) depending on whether f(m) = 1 (mod 4) or not, 

respectively. And in any case, the discriminant of K m is prime to N. 

Let a G Gal(Q/Q). We divide into two cases. For the first case, suppose that for all 

1 + Mm 

m G S, u\k,„ = idj( m . Then, for each m G S, consider the number — — — G Q. By 

M z 

plugging this number into the given Weierstrass equation of E/Q, we get 

1 + Mm a/7M 
M 2 ' M 3 

is in E(K m ) but it is not in E(Q). And moreover, since K m = K^, P m is fixed under a. 

So we get an infinite sequence {-P m } mG s of points in E(Q a ) such that each P m is defined 
over the quadratic imaginary extension K m over Q. We may assume that these points are 
not torsion points by (jHj, Lemma). Now we show the points P m for m G S are linearly 
independent. Suppose that for some integers and m, G S, 

Since the fields in {K m } me s are linearly disjoint over Q, for each i, there is an automor- 
phism of Q which fixes all but one K mi of K mi , . . . , K mk . Note that such an automorphism 
takes P mi to its inverse, —P mi - Applying this automorphism, we get 

0'lPm 1 + ■ ■ • + CLi-lPrm-i ~ a iPm,i + * " ' + a kP-m k = O. 

By subtracting, we get 2<2jP m - = O, which implies a« = 0. We conclude that the P m for 
m G S are linearly independent in E(Q a ) (g) Q. Hence the rank of E(Q a ) is infinite. 

For the second case, suppose that there is an integer m G S such that a\x m ^ idx m - 
Then, fix such a quadratic imaginary extension K m , and call it K, and let be the 
maximal abelian extension of K. Then, we complete the proof of this case as a consequence 
of the following stronger statement: 



Theorem 1.4. Under the assumption in the second case above {i.e. if K is different 
from End(E) ® Q, all primes dividing N are split in K , and a\x ^ idx), the rank of the 
Mordell-Weil group of E over the fixed subfield {K^Y of under a is infinite. 
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The proof of Theorem 11.41 which lies deeper than the methods used in the first case 
will be treated in the following section and will be given explicitly in Proposition 12. 9| 
as it requires modularity of E/Q and the theory of complex multiplication which give a 
non-torsion algebraic point of E under the given assumption in the second case. □ 

2. The rank of E over ring class fields of imaginary quadratic fields 

The goal of this section is to prove Theorem 11.41 — stated at the end of the previous 
section. By a theorem of Wiles jT2] and Taylor- Wiles jTTj (completed by a later work of 
Breuil, Conrad, Diamond and Taylor pQ), the elliptic curve E/Q is known to be modular. 
Our strategy is to construct algebraic points on E((K a b) a ) using Heegner points over the 
ring class fields arising from the theory of complex multiplication. 

We will need the following lemma later. 

Lemma 2.1. Let K be an imaginary quadratic extension of Q such that K is different 
from F = End(-E) ® Q. For a prime i, let a\ be the coefficient of the Hecke operator T% 
of the modular form of E. Then, there is an integer M such that for all p > M (which is 
inert in F, if E has CM), there is a prime q such that 

(1) q is inert in K , 

(2) p does not divide a q and 

(3) p divides q + 1. 

Proof. Suppose E/Q has no CM. Then, by (jH], §4. Theorem 2), there is a large integer 
M such that for all primes p > M, the continuous Galois representation 

p p : Gal(Q/Q) -> GL 2 (F P ) 

is surjective. In particular, let M be large enough such that every p > M is unramified 
in K, since K is ramified at only finitely many primes. 

Since Ker(p p ) is an open normal subgroup of Gal(Q/Q), there is a finite extension L 
over Q such that Ker(p p ) = Gal(Q/L). 

And since 

Gal(L/Q) = Gal(Q/Q) /Ker(p p ) 9* GL 2 (F P ) 

p— i 

has a unique subgroup of index 2, the kernel of det~ , the unique quadratic field L over 
Q in L is ramified only at p. On the other hand, since p is unramified in K, the fields 
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K and L' are linearly disjoint. Let S be a finite set of primes such that the composite 
field KL' is unramified and K is unramified outside S. Then, by the Cebotarev density 
theorem, each Frobenius automorphism Frob g comes up infinitely often in Gal(KL'/Q), 
for q S. 

Since K and L' are linearly disjoint, we can choose the Frobenius automorphism Frob 9 
in Gal(i^/Q) and Gal(Z//Q), independently. Hence, there is a prime q 7^ 2 such that q is 
inert in K and 

p p (Frobg) = 

where a is in ¥ p such that the order of a is not 2 in ¥ p and b is some element of ¥ p . Then, 
we have 

a q = Trace (p p (Frob 9 )) = a — a^ 1 ^ (mod p). 
This implies that p does not divide a q , which is condition (2). Also, we have 

q = det(p p (Frobg)) = —1 (mod p). 

This implies that p divides q + 1 which is condition (3). Hence such a prime q satisfies all 
conditions (1) though (3). 

Suppose E/Q has CM. Let R = End(-E) and F = R <g> Q. Then, F is an imaginary 
quadratic extension of Q such that R = End^(£'). 

By (|H, §4. Corollary of Theorem 5), there is a large integer M such that for all primes 
p > M, the continuous Galois representation p p factors through a surjective homomor- 
phism, 

a p : Gal(F/ F) -> R* p , 

where R p = R <8> Z p = H? v as Z p -modules. Under the canonical embedding R p = 
Endij p (R p ) C Endz p (Z,p) = M 2 (Z p ), the norm map and the trace map from R p to Z p 
are the restrictions of the determinant map and the trace map on M2(Z P ). 
Let O be the maximal order in F. Then, O/R is finite, so if p 0, 

R/pR S C/pC S F p x F p or F p2 , 

depending on whether p is split or inert in F. In either case, the norm map iV is a 
non-degenerate quadratic form on the underlying 2-dimensional vector space over F p . For 
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any non-zero k, N(a) — kz 2 is a non-degenerate quadratic form on the 3- dimensional F p - 
vector space R/pR x ¥ p . In particular, N(a) = —z 2 defines a conic curve. Since any conic 
has a rational point over a finite field by the Chevalley- Warning theorem (|2J, Chapter 
I, Theorem 3), the conic N(a) = —z 2 over ¥ p is isomorphic to P 1 , hence it has p + 1 
points. Since N(a) = (when z = 0) has at most two non-trivial solutions on the line 
at oo, there are at least p + 1 — 3 points of N(a) = — 1. Therefore, for any prime p > 5, 
N(a) = —1 has at least three solutions over F p . On the other hand, the trace map T 
is a linear form on the underlying 2-dimensional vector space. And the system of two 
equations, T(a) = and N(a) = —1 has at most two solutions. Since N(a) = —1 has at 
least three solutions for any prime p > 5, we can find a G R/pR such that 

T(a) ^ and N(a) = -1 (mod p). 

Since the norm N(a) of a is congruent to —1 (mod p), we can lift a to a p-adic unit 
a G R* by applying the Hensel's lemma to the norm map. 

Let M > 5 be large enough that for all p > M, R/pR = O/pO and let p > M be inert 
in F and unramified in K. 

Let dp denote the reduction of det(p p ) mod p, and let (3 P = d p 2 . Then, Ker(f3 p ) is 
of index 2 in Gal(Q/Q) and therefore, corresponds to a quadratic extension L which is 
ramified only at p. Thus, the fields, F, K and L are all linearly disjoint over Q. In 
particular, a p (Gal(F/FL)) is of index 2 in R* which has a unique open subgroup of 
index 2, since p is inert in F. As FK ^ FL, K is not contained in the field associated to 
Ker(a p ), which implies K is linearly disjoint from this field. By the Cebotarev density 
theorem, there exists q which is inert in K and split in F and such that 

<jp(Frob g ) = 5 G R*. 

Then, we have 

a q = T(o"p(Frobg)) = T(5) ^ (mod p). 
This implies that p does not divide a q , which is condition (2). Also, we have 

q = det(<jp(Frob g )) = N(a) = —1 (mod p). 

This implies that p divides q + 1 which is condition (3). This completes the proof. □ 
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For a given elliptic curve E/Q, we fix an element a G Gal(Q/Q) and a quadratic 
imaginary extension K of Q which is not fixed under a. And we assume that all primes 
dividing the conductor iV of E/Q are split in K. Note that this setting corresponds to 
the second case in the proof of Theorem 11.31 

For each integer n relatively prime to N, let H n denote the ring class field of K of 
conductor n. By (j2j, Chapter 3, Theorem 3.6), there is an algebraic point P n G E(H n ) 
which is called a Heegner point of conductor n. Let HP(n) C E(H n ) denote the set of 
all Heegner points of conductor n in E(H n ). Then, the set HP{n) satisfies the following 
properties. 

First, we recall the norm-compatibility properties of Heegner points. 

Proposition 2.2. Let E/Q be a modular elliptic curve over Q and N the conductor of 
E/Q. Let n be an integer and I a prime number such that both n and i are prime to 
N. Let P n £ be any point in HP(n£) and ae the coefficient of the Hecke operator Tg of the 
modular form of E. Then, there are points P n G HP(n) and (when £\n) P n /i G HP(n/£) 
such that 

aiP n , if I \ n is inert in K 
(ai — o~\ — a^ 1 )P n , if I = \\\n is split in K 
(ai — a\)P n , if I = X 2 is ramified in K 
aiP n -P n /i, ifl\n. 

Proof. See (|2J, Chapter 3, Proposition 3.10). □ 

Lemma 2.3. Let be the union of all the ring class fields of conductor prime to N. 
Then, the set E(H OQ ) tor is finite. 

Proof. See (j2], Chapter 3, Lemma 3.14). □ 

The following lemma describes the structure of the Galois groups of ring class field over 
an imaginary quadratic extension K of Q. 

Lemma 2.4. Let N be the conductor of E/Q. Let H n be the ring class field of conductor 
n over an imaginary quadratic extension K over Q. 

(a) If p is a prime not dividing c ■ N ■ [H c : K] ■ disc(H c ), then for all integers n > 1, 

Ga\(H cp n/H cp ) = Z/p n -% and Gal(H cpn +i/ H cp n) ^ Z/pZ. 



Trace Hnl iH n { p i 



ni) 
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m 

(b) If k = Y[ Pj f or distinct primes pj which are relatively prime to N and inert in K , 
3=1 

then for each j , 

Gsl{H k /Hk_) = Z/( Pj + 1)Z. 

Proof. To prove the first part of (a), for n > 1 and k > 1, 

GaA(H cpn /H cp ) = ker(Gal(H cp n/K) -> Gal(H cp /K)) 

= keri(0 K /cp n O K )*/(Z/cp n Z)* -> (0 K /cpO K )* /(Z/cpZ)*) 
_ [(1 + cpOat)/^"^]* ■ (Z/cp"Z)* 

(Z/cp"Z)* 
[(l + cp(^)/cp n (^]* 



[(1 + cpZ)/cp"Z]* 

[(l+pO^/p"^]* , . } ,„ ^, ,. 

= ■ i — ^ — — — — : , since pic - \H C : K\ ■ disc(H c ).) 

[(1 +pZ)/p n Z]* ' v F 1 L J y ' ' 

„ \{l+pO K )/p n O K }* 
{Z/p n ' l Z) 

(since [(1 + pZ)/p n Z}* = ker((Z/p n Z)* -> (Z/pZ)*)) = Z/p^Z.) 
By the logarithmic function from 1 +pOk, p — > pOx, P which maps 1 +p n C^ iP i— > p n C>K,p, 
where Ok, p is the completion of Ok at p, 

[(1 +p6x, P )/p n - 1 Ox, P ]* = OkJp^Okv = Ok/p^Ok- 

Hence, we have 

Gz\(H cpn /H cp ) {0 K lp n - x O K )l{Zlp n ~ x Z) Z/p^Z. 
For the second part of (a), 

Gal(iJ cp n+i/iJ cp n) = keriGdX^Hcpn+i / H cp ) — > Gsl\H cp n/ H cp y) 
= ker{(Zjp n Zy -> (Z/p^Z)*) 
= Z/pZ. 

To prove (b), for each i — ...,m, 
Ga\(H k /H ± ) fcer(Gal(iV*0 -> Gal(ifk /-K")) 

ker((0 K /kO K )*/(Z/kZ)* 1 (C^/|(9^)V(Z/Az)*) 

(m j— 1 m 

II Ga\{H k /Hu_) -> J! Ga\(H k /H±) x {1} x f] Gal{H k /Hu_ 
j=l p j j=l p j j=i+l ?! 

^ Ga\(H k /H ± ) =i (Z/AZ)*/(Z/piZ)*, where A is a prime factor of p. 

Pi 

= Z/(pi + 1)Z. □ 



Pi 
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A Heegner system attached to (E, K) is a collection of points P n £ E(H n ) indexed 
by integers n prime to the conductor N of E, and satisfying the norm compatibility 
properties given in (|2j, Chapter 3, Proposition 3.10 including Proposition 12. 2 j) and the 
behavior under the action of reflections described in (|2J, Chapter 3, Proposition 3.11). 

In our setting, since all primes dividing N are split in K (recall the construction of K 
in the proof of Theorem II .3|) . there is a Heegner system in which at least one of the points 
P n for some n is non-torsion by (j2J, Chapter 3, Theorem 3.13). We call such a Heegner 
system a non-trivial Heegner system. We will need the following lemma. 

Lemma 2.5. Suppose there is a nontrivial Heegner system attached to (E,K). Let n be 
a positive integer prime to the conductor of E such that there are non-torsion points of 
E^Hqo) which are not in E(H n ). Then, there exists a positive integer M such that for 
all non-torsion points Q £ E(H oo) such that Q E(H n ), mQ ^ E(H n ) for all integers 
m > M. 

Proof. Suppose not. Then, for all M, there exist an integer m > M and a non-torsion 
point Q £ £(#oo) - E(H n ) such that Q,2Q,...,(m- l)Q £ E{H n ) but mQ £ E(H n ). 

We may assume that m = p k for some prime p dividing m and for a positive integer k 
by replacing Q by ^Q. Then, either the exponent k or the prime p must go to infinity 
as M goes to infinity, since m = p k > M. 

Since p k ~ x < m, p k ~ 1 Q ^ E(H n ). Hence there is an automorphism r £ Ga^iJoo/ H n ) 
such that r{p k ~ l Q) ^ p k ~ 1 Q. Hence for the nontrivial point r(p k ~ 1 Q) — p k ~ l Q, 

P{r(p k - 1 Q) - p^Q) = r(p k Q) - p k Q = p k Q - p k Q = O. 

Since p is a prime, this implies that the point T{p k ~ l Q) —p k ^ 1 Q has order exactly p, hence 
the nontrivial point t(Q) — Q has order exactly m = p k . So we have shown that there 
are torsion points of order exactly m for all integers m > M. Therefore, as M goes to 
infinity, the order of torsion points in E^H^) is unbounded, which is a contradiction to 
the finiteness of the set of torsion points of E^^) in Lemma 12.31 This completes the 
proof. □ 

Now, by using Lemma l2~TI and the norm-compatibility properties in Proposition ^. 2\ we 
prove that the subgroup generated by all of Heegner points of the given nontrivial Heegner 
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system is not finitely generated as a subgroup of the elliptic curve over the union of all the 
ring class fields of conductor of the form rm for some r, where m is a square- free integer 
relatively prime to rN . Then, by using Lemma we show the following unboundedness 
of the rank of Mordell-Weil groups over all of those ring class fields. 

Proposition 2.6. Let N be the conductor of the given elliptic curve E/Q. If there is a 
nontrivial Heegner system attached to (E, K), where K is a quadratic imaginary extension 
ofQ which is different from the field End(-E') <S> Q such that there is a non-torsion Heegner 
point P r G E(H r ) over some ring class field H r of conductor r, then the rank of E(H rm ) 
is unbounded, as a square-free integer m such that (m, rN) = 1 goes to infinity. 

Proof. First, we show that the group generated by all of Heegner points of conductor rm 
for all square-free integers m such that (m, rN) = 1 in the given nontrivial Heegner system 
is not finitely generated. Suppose this group is finitely generated. Then, since there are 
only finitely many torsion (Heegner) points over all the ring class fields in the system by 
Lemma 12.31 for some integer n which is a square-free multiple of r and (n/r,rN) = 1, 
there is a fixed ring class field H n over which all Heegner points of conductor rm for all 
square-free integers m are defined. And we may assume that a Heegner point P n of level 
n is of infinite order by the assumption that there exists a non-torsion Heegner point 
P r G E(H r ). 

Only finitely many primes divide either P n in E(H n ) or points of E{H 00 ) tor , because 
E(H n ) is finitely generated by the Mordell-Weil Theorem and there are only finitely many 
torsion points over all the ring class fields in the system by Lemma 12.31 Let 5" be the 
finite set of primes which divide either P n in E(H n ) or the order of any point of the finite 
set E^H^tor- Then, we can choose a large odd prime p ^ S such that p > n + 2 and if E 
has no CM, then p is unramified in K and if E has CM, then p is inert in the imaginary 
quadratic extension, End(-E) <8> Q of Q. 

Then by Lemma 12.11 there is a prime q such that 

(1) q is inert in K, 

(2) p divides q + 1 and 

(3) p does not divide a q . 
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And since q + 1 > p by (2) and p > n + 2, q is strictly greater than n. This implies q does 
not divide n. Therefore, the ring class field H nq is a proper finite extension of H n and nq 
is again a square-free multiple of r and (nq/r,rN) = 1. 

By the norm-compatibility property given in Proposition 12.21 when q \ n is inert in i^, 
we have 

Trace Hnq/Hn (P nq ) = a q P n . 

On the other hand, E(H nq ) = E(H n ), by assumption. Hence the trace of P nq from H nq 
to H n is divisible by the degree of H nq over H n which is q + 1 by (b) of Lemma 12.41 

Hence, Trace H nq /H n (Pnq) is divisible by p by the property (3). But by the property 
(4) and since p ^ S, p divides neither a q nor the point P n , which is a contradiction. So 
we have shown that the group generated by the Heegner points of conductor rm for all 
square-free integers m is not finitely generated. In particular, this shows that there is a 
non-torsion point P nq G E(H nq ) but not in E(H n ). 

By Lemma 12.51 for such a non-torsion point P nq ^ E(H n ), there exists an integer M 
such that mP nq E(H n ) for all m > M. In other words, the point P nq is independent 
of any points in E(H n ). Hence, E(H n ) ® Q ^ E(H nq ) <g> Q. Therefore, we conclude that 
the rank of E(H rm ) cannot be bounded, as a square-free integer m such that (m, N) = 1 
goes to infinity. □ 

Now we prove the unboundedness of the rank of Mordell-Weil groups over all the ring 
class fields of conductor cp n as n goes to infinity and this will be an important role in 
proving the main theorem. To prove this, we need the following simple lemma. 

Lemma 2.7. For an elliptic curve E/Q and for a prime p not dividing the conductor of 
E, let a p = p + 1 — #E(F P ). Then, there is no infinite sequence {c n }^L of integers with 
Co 7^ and satisfying the following linear recurrence, 

pc n+1 = a p c n - c n _i, forn> 1, 

and for every N , there exists n > N such that c n ^ 0. 

Proof. Suppose there is such an infinite sequence {c n }^L of integers satisfying the above 
conditions. Then, the linear recurrence implies that 

(*) c n = a n b +(3 n b u for all n > 1, 
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where a and (3 are two solutions of the quadratic equation x 2 — —x + - = and 



Note that this quadratic equation has no rational solutions, because if there was, the only 
possible pairs of rational solutions are 1 and | or — 1 and — i and in either case, we get 
a p = ±(p + 1) which is impossible since \a p \ < 2^/p by Hesse's inequality ([TU]. Chapter 
V, Theorem 1.1). And bo ^ and bi ^ since Co is a nonzero integer and a and /3 are 
not rational numbers. 

Let F be a quadratic extension of Q containing a and (3 and choose an embedding 
of F into Q p with the valuation v p such that v p (a) < and v p (/3) = 0, where Q p is an 
algebraic closure of the p-adic field Q p . This is possible because af3 = - and we can take 
an automorphism of F and take an embedding of F into Q p such that v p (a) < and 



Since 6 7^ and i> p (/3) = 0, the recurrence relation (*) implies that for all large integers 
n, v p (c n ) is dominated by f p (a; n_1 ) which is negative. But for each N, there exists n > N 
such that c n 7^ 0. Since a nonzero integer c n has a nonnegative valuation, we get a 



Proposition 2.8. Let N be the conductor of the given elliptic curve E/Q. If there 
is a nontrivial Heegner system attached to (E,K), where K is a quadratic imaginary 
extension ofQ which is different from the field End(.E') <8> Q, then for a prime p such that 
p \ r ■ N ■ [H r : K] ■ disc(H r ), there exist an integer r such that the rank of E(H rp n) is 
unbounded, as n goes to infinity. 

Proof. Let p be a prime p \ r ■ N ■ [H r : K\ ■ disc(H r ). As we have shown in Proposition 
I2.(i| we show that for some integer r, the group generated by all of Heegner points of 
conductor rp n for all integer n > 1 in the given nontrivial Heegner system is not finitely 
generated. Suppose for any integer r, this group is finitely generated. Then, since there 
are only finitely many torsion (Heegner) points over all the ring class fields in the system 
by Lemma 12 .3| for some integer k, there is a fixed ring class field H rp k over which all 
Heegner points of conductor rp n for all n > 1 are defined. Let no = rp k . Since the 
given Heegner system is nontrivial, we may assume that a Heegner point Po of conductor 
n = rp k is of infinite order. 




vM = o. 



contradiction. Hence, there is no such a sequence. 



□ 
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By the norm-compatibility property given in Proposition ^. 21 we have that for all n > 1, 

Trace Hnopn+l/Hnopn (P n+1 ) = a p P n - P n _i, 

where Pi are Heegner points of conductor nop 1 . 

Since P n+ i is defined over H no , hence over H nop n by assumption, the trace of P n +i from 
H nop n+i to H nop n is the degree of H nop n+i over H nop n which is p by (a) of Lemma 12.41 
Hence, the infinite sequence of Heegner points of conductor of the form n$p n satisfies the 
linear recurrence relation, 

(**) pPn+i = a p P n -P n -i, for all n > 1. 

By the Mordell-Weil Theorem, E(H no ) is finitely generated, so by dividing by its torsion 
subgroup E(H no ) tor , all points P n mod E(H no ) tor lie in Z fc for some k. Suppose that 
E(H no ) = ZQi + ■ ■ ■ + ZQk + E(H nQ )tor- Now we consider all points P n mod E(H n0 ) tO r 

k 

and denote it by P n again by abuse of natation. Let P n = Yl c n,iQi for integers c n ^. Since 

i=i 

Pq is not a torsion point by the assumption, without loss of generality we may assume that 
c^i 7^ 0. Then, either C2,i or cz t \ is nonzero, since otherwise, the relation (**) implies that 
Qi is a linear combination of points Q2, Q3, ■ ■ ■ ,Qk over Z which contradicts the linear 
independence of points Qi. By using (**) and linear dependence of points Qi inductively, 
we can show that pc n+ i = a p c n — c„_i for all n > 1, and if c n> i 7^ 0, then either c n+ i t i 7^ 
or c n+ 2,i 7^ 0. Hence, by letting c n = c^i, we get an infinite sequence {c n }^L Q of integers 
satisfying the pc n+ i = a p c n — c n _i for all n > 1 with cq 7^ and for each N, there exists 
n > N such that c n 7^ 0. This is impossible by Lemma (2.71 Therefore, we conclude that 
the rank of E(H rp n) is not finitely generated, as n — > 00. In particular, by Lemma l2.5| 
we conclude that the rank of E(H rp n) cannot be bounded, as n goes to infinity. □ 

Finally, the following proposition proves Theorem 1 1 . 41 hence . completes Theorem 11.31 

Proposition 2.9. Let a G Gal(Q/Q). Let K be a quadratic imaginary extension of Q 
such that o~\k 7^ idx and K is different from End(^) ® Q. Suppose all primes dividing 
the conductor N of E are split in K. Then, the rank of the Mordell-Weil group E(H°) 
over the fixed subfield of H n under a is unbounded, as n goes to 00. Hence, the rank of 
E((K a i^) u ) is infinite, where is the maximal abelian extension of K. 
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Proof. Since all primes dividing the conductor N of E are split in K, there is a nontrivial 
Heegner system attached to (E,K) by ([2 , Chapter 3, Theorem 3.13). For a given 
o G Gal(Q/Q), since o~\k ^ idx, the restriction of a to each ring class field H n in the 
given Heegner system can be lifted as an involution of H n . Let o~ n = o~\n n be the restriction 
of a to H n . Then, each ring class field H n has a generalized dihedral group structure as its 
Galois group over Q with an involution a n such that for any r G Gal(if n / K), cr n ro~ n = r _1 . 

By Proposition EHl we fix a prime p and an integer r such that p \ r-N- [H r : K]-disc(H r ) 
and the rank of E(H rp n) is unbounded, as n goes to infinity. We prove that for an odd 
prime p not dividing rN[H r : K]disc(H r ) , the rank of E(H° p „) is unbounded as n goes to 
infinity. Suppose not. Then since the restriction a n of o to H rp n acts by an involution of 
each ring class field H rp n, there exists a fixed integer no = rp k for some k > 1 such that 
cr acts by —1 on any nontrivial quotient (E(H nop n) <g> Q)/(E(H no ) ® Q), for all n > 1. 

By (a) of Lemma EH G&\(H nop n / H rp ) = GaA(H rp k+ n / H rp ) is a cyclic group of order 
pk+n-i^ ^ nc j G a i(jy nopn ^ I H no ) is a subgroup of Gal(H nop n/H rp ). Hence, it is a cyclic 
subgroup of order p m for some m < k + n — 1 . 

Let r n be a generator of Gal(H nop n / H no ) . Consider E(H nopn ) <g> Q as a representation 
of Gal(iJ„ op n/Q). And for each n, let 

M n = {E{H nopn ) ® Q)/{E{H no ) Q). 

For every element a G Gal(if„ op n/Q), let a|H nQ be the restriction of a to H no . Then, 
ot\u no is an element of Gal(H no /K), since H no is Galois over Q. Therefore, Gal(H nop n/Q) 
acts on E(H no ) <g> Q as well. So we can consider the quotient M n as a representation of 
Gal(# noP »/Q). 

Let 

p : Gal(F nopn /Q) -> GL(M n ) 

be the representation of Gal(-ff nop n/Q). Then, by the hypothesis, o~ n acts by —1 on M n . 
Hence, p(cr n ) = —id on M n . On the other hand, by the dihedral group structure of 
Gal(if nop n/Q), a n r n a n = r' 1 . Therefore, 



P( T n) = P( r n)p(r n ) = (-id)p(r n )(-id)p(r n ) = p{a n T n a n T n ) = p(l) = id. 
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Hence, the restriction of p to the cyclic subgroup Gal(H nop n / H no ) of Gal(H nop n/Q) 
generated by is a trivial representation of M n . Since the order of r n is an odd integer 



¥ i 



Therefore, we have 



This implies that 



( T n) = ( T n) = Gal(H nopn /H no ). 



M Gal(H„ oP «/H no ) = M p = ^ 



E(H^i Hn °" n/Hno) ) <g>Q + E(H no ) ® Q = E(H nop , 



Since H^X n ° pn/Hno) = H no, 



E(H no ) ® Q = E(H nopn ) <g> Q, for all n > 1, 



which is a contradiction to Proposition 12.81 

Hence, the rank of E(H° opn ) is unbounded, as n — » oo. Since all ring class fields H nop n 
are abelian over K, this implies that the rank of E((K a b) a ) is infinite. □ 

References 

[1] C. Breuil, B. Conrad, F. Diamond, and R. Taylor, On the modularity of elliptic curves over Q: wild 

3-adic exercises, J. Amer. Math. Soc. 14 (2001), no. 4, 843-939. 
[2] H. Darmon, Rational points on modular elliptic curves, CBMS Regional Conference Series 

in Mathematics, 101. Published for the Conference Board of the Mathematical Sciences, 

Washington, DC; by the American Mathematical Society, Providence, RI, 2004, (or see 

http://www.math.mcgill.ca/darmon/pub/pub.html). 
[3] B. Im, The rank of elliptic curves over large fields, submitted for publication, 2003. 
[4] M. Jarden and M. Fried, Field Arithmetic, A series of Modern Surveys in Math. 11, Springer- Verlag, 

1980. 

[5] S. Lang, Fundamentals of Diophantine Geometry, Springer- Verlag, New York, 1983. 

[6] M. Larsen, Rank of elliptic curves over almost algebraically closed fields, Bull. London Math. Soc. 

35 (2003), 817-820. 
[7] J. -P. Serre, A course in Arithmetic, Springer- Verlag, GTM 7, 1973. 

[8] J. -P. Serre, Proprietes Galoisiennes des points d'ordre fini des courbes elliptiques, Invent, math. 15 
(1972), 259-331. 

[9] J. H. Silverman, Integer points on curves of genus 1, J. London Math. Soc. (2), 28 (1983), 1-7. 
[10] J. H. Silverman, The Arithmetic of Elliptic Curves, Springer- Verlag, GTM 106, 1986. 



18 BO-HAE IM 

[11] R. Taylor and A. Wiles, Ring- Theoretic properties of certain Hecke algebras, Ann. of Math. (2) 141 
(1995), no. 3, 553-572. 

[12] A. Wiles, Modular elliptic curves and Fermat's last theorem, Ann. of Math. (2) 141 (1995), no. 3, 
443-551. 



Department of Mathematics, Indiana University, Bloomington, Indiana 47405 
E-mail address: boim@indiana.edu 



